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We study the compactification of OM-theory on tori and show a simple heuristic 
derivation of the S'-duals of noncommutative open string theory in diverse dimensions 
from the OM-theoretical point of view. In particular, we identify the ^-duality between 
noncommutative open string theory and noncommutative Yang-Mills theory in (3 + 1) 
dimensions as the exchange of two circles of a torus on which OM-theory is compactified. 
Also, we briefly discuss T-duality between noncommutative open string theories. 
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1. Introduction 

Recently, in the papers |1]||, the authors found a new open string theory in which 
there were no closed strings. Let us consider a D-brane in a flat Minkowski space with a 
background S-field. We can see that open strings ending on the D-brane couple to the 
.B-field, but that closed strings do not. When the temporal components of the background 
.B-field are turned on, since strings spatially extend in one dimension, the -B-field in the 
worldsheet action can contribute to the effective tension of open strings and can even make 
the tension vanish, if we tune the value of the temporal components appropriately. In the 
limit that the string tension goes to infinity (i.e., a' — > 0), we can keep the effective tension 
of open strings fixed, if the value of the S-field is arranged to be critical. Therefore, gravity 
decouples from the open string sector in the limit, where we still have all the exciting modes 
of the open strings. This open string theory is called noncommutative open string (NCOS) 
theory. Related topics have also been discussed in P-|l0|. 

Let us explain the NCOS limit in some detail. Suppose that a Dp-brane is in a 
p-dimensional flat space with a background S-field and a metric 

9nv=Vnu (ji,v = 0,l), 9ij = f 2 Sij = 2, (1.1) 

and / — > in the NCOS limit. By using a gauge symmetry, under which the gauge field 
A on the D-brane and the 5-field B transform a,s A ^ A — A, B — > B + dA, we make 
the background S-field vanish and, instead, obtain the corresponding background field 
strength F = dA. In order to take the field strength to the critical value in the limit, we 

set 

= 1 - \f. (1.2) 



Translating these parameters into the open string moduli in [ n | , we find that the noncom- 
mutative parameter O 01 becomes 27rc/ e ff, where c/ e ff is related to / as f 2 = (ot'/a' e ff). 
Since the open string metric Gab (A B = 0, . . . ,p) equals f 2 rjAB, the open string cou- 



pling constant G 2 , defined as (7 s tiV — det Gj ^ — det(g + 2ixa'F) 1 turns out to be g s t r f- The 
NCOS limit is defined as a' — > (/ — > 0), <7 str — > 00 with a' e s and G 2 fixed. In the limit, 
the effective string tension becomes 1 / (27rc/ e fj ), which gives the scale of the exciting modes 
of open strings. 



In the paper [12| , it was proposed that OM-theory describes the strong coupling limit 
of (4 + l)-dimensional NCOS theory (NCOS 4+ i). The relation of OM-theory to NCOS 4+ i 
is similar to that of M-theory to type IIA superstring theory. The effective tension of open 
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membranes within M5-branes with nonvanishing temporal components of the background 
three-form tensor field can be different from the tension Mp/(27r) 2 of membranes where 
M p is the eleven-dimensional gravitational scale. In the limit M p — ► oo, gravity would 
decouple from the open membranes, if the effective tension is kept finite. In this way, 
OM-theory is defined as the limit of this system. 

In order to elucidate OM-theory more precisely, we begin with a single M5-brane in 
a flat Minkowski spacetime where we have the metric ( |1 . 1|) with p — 5 and a background 
worldvolume three-form field strength H 

H 012 = Ml tanh/3. (1.3) 

Here f 2 = 2 exp(-/3)/ cosh/3 = 2M e 3 ff /M 3 , where M e 3 ff /(27r) 2 is the effective tension of 
open membranes in the OM limit. The self-duality of the field H means, as discussed in 
0, that 

if 3 45 = M e 3 ff /sinh/3. (1.4) 

Now we can define OM-theory by the limit M p — > oo with M e g fixed. In this limit, open 
membranes (M2-branes) stretched on the x 1 -x 2 plane or on the x % -x 3 plane = 3,4,5) 
have a finite effective tension. 

NCOS4 + i can be obtained by the compactification of OM-theory on 5" 1 where the 
coordinate x 2 is periodically identified and the radius is R%. As we will see in the next 
section, by exploiting the relation between an M5-brane wrapped on S 1 in M-theory and 
a D4-brane in type IIA superstring theory, the open string moduli is given in terms of 
the parameters R 2l M e g as l/a' e s = 2R 2 M^ S and G 2 = \/2(R2M e s)i . Thus, the strong 
coupling limit G Q — > oo of NCOS4+1 can be seen to be the decompactification (i.e., R2 — > 
00) of the OM-theory on S , and NCOS4 + i becomes (5+l)-dimensional OM-theory in the 
limit. 

In 0, the strong coupling limit of (3+l)-dimensional NCOS theory has also been dis- 
cussed. Since NCOS3 + i is given by the NCOS limit of a D3-brane in type IIB superstring 
theory, by ^-duality of type IIB superstring theory we find that the strong coupling behav- 
ior of NCOS3+1 is described by (3+l)-dimensional spatially noncommutative Yang-Mills 
theory. 

Aspinwall |14]] and Schwarz |15| interpreted 5-duality of the nine-dimensional type 



IIB superstring theory as the modular transformation of a torus on which M-theory is 
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compactified; see also [16]. This is one of many examples where M-theory plays an impor- 
tant role to unify superstring theories and eleven-dimensional supergravity. In this paper, 
by applying their idea to OM-theory compactified on a two-dimensional torus, we give a 
simple derivation of S'-duality between spatially noncommutative Yang-Mills theory and 
NCOS theory in (3+1) dimensions. To this end, we show that the same OM limit in this 
case can be identified as both of the NCOS limit and the NCYM limit. Then, as Aspinwall 
and Schwarz gave the closed string coupling in terms of the moduli of the torus, we obtain 
the relation between the open string couplings in NCYM and NCOS by making use of the 
underlying torus. 

Furthermore, we also discuss from the OM-theoretical point of view, the compactifica- 
tion of OM-theory on higher dimensional tori to give a heuristic derivation of the S'-duals 



of NCOS theories in diverse dimensions. The authors of the paper |C| have already iden- 
tified the S'-dualized theories. NCOS theory in (1+1) dimensions has been discussed in 
more detail in ||. We use an M2-brane to discuss the ^-duality of this theory in section 
3. We also discuss T-duality between NCOS theories in section 4. 



2. S'-duality from OM-theory 

2.1. Four- dimensional S- duality from OM-theory 

In this subsection, we consider OM-theory compactified on a rectangular torus, where 
the coordinates x 2 and x 3 are periodically identified as x 2 ~ x 2 + 27ri?2 and x 3 ~ x 3 + 
2ttLs, and their radii are R 2 and R% = /L3, respectively. Note that radius R3 is much 
smaller than R2. The compactification of M-theory on a circle of radius R gives type IIA 
superstring theory with the string coupling constant g str = (RM p )2 and the string length 
Z s given by I 2 = a' = (1/RM 3 ). M5-branes wrapped on this circle become D4-branes in 
type IIA theory. Since we have two circles in the x 2 and x 3 directions in the torus, two IIA 
theories can be obtained by deciding which circle to identify as the above circle of radius 
R. T-duality then maps the two IIA theories into two corresponding IIB theories in nine 
dimensions. These IIB theories are found to be S-dual to each other, as Aspinwall and 



Schwarz have shown in 14,15,16 



First, identifying R2 as R, we regard the wrapped M5-brane as a D4-brane in IIA 

(2) 3 

theory with the string coupling constant = (i?2-^p) 5 and the string tension 

JL = R 2 M 3 = 2f~ 2 R 2 M 3 s (2.1) 
a 2 



on the circle of the radius -R3 = fL 3 . The field strength of the gauge field on the D4-brane 
worldvolume has a nearly critical electric component 

Fm = ±R 2 H m2 = ~ ^ (l - \f) . (2.2) 

If we take the limit R3 — > 00, this theory turns into (4 + l)-dimensional NCOS theory with 
the effective string tension 

' 2# 2 M e 3 ff (2.3) 



" eff 

and the open string coupling constant G 2 , = y/2(R2M e s)i , as shown in fll2 



Under the T-duality on the circle of the finite radius R3, the D4-brane is mapped to 
a D3-brane in type IIB theory compactified on a circle of radius 



a£ = f_ 

R 3 2M^R 2 L 3 



Rz = lT = TTTTaV^ (2-4) 



where the string coupling constant is 
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sS=sSl| (2-5) 



AB 



The open string metric Gab (A -B = 0, 1, 4, 5) and the noncommutative parameter 
on the D3-brane are given as in Jll| by Gab = f 2 VAB and G 01 = 2na'^ . The open string 
coupling constant turns out to be 

Gl = 5°. (2.6) 
^3 

Thus, we can see that the NCOS limit in NCOS3+1 agrees with the OM limit with 
i?2 and L3 fixed. Note that, since the mass of D-strings wound once on the circle is 



M D1 ~-l y § = 1 L (2.7) 

fi'str 



a' R2 



and remains finite in the OM limit (i.e., M p — > 00 with M e fj fixed), the D-strings are not 
decoupled from the worldvolume theory, although the tension of D-strings is very large: 
Tdi ~ l/(/G|a / g^) ^> l/a'tff. Thus, to discard those additional degrees of freedom and 

obtain (3+l)-dimensional NCOS theory, after taking the OM limit we should take the 

(2) 

limit i?2 ~~ * 0. In order to keep the effective string tension 1/a e ^ and the open string 
coupling constant Ge fixed in the limit, we have to take the limit M 3 ff — > 00 and L3 — > 
at the same time. 
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Next, let us think of the M5-brane on the torus as a D4-brane in another type IIA 

(3) 3 

theory with the string coupling constant g stT — (RsMpp and 

a ' 3 = (2 - 8) 

on the circle of the radius R 2 - I n this picture, the field strength on the worldvolume has 
a nonzero magnetic component 

2nF 45 = R 3 H 345 ~ 2L 3 M e 3 ff . (2.9) 

By T-duality on the circle in the x 2 direction, we obtain a D3-brane in type IIB theory 
compactified on a circle of radius 

^ 2 = f = 2rJ 3 M^ (2 ' 10) 
with the string coupling constant 

i 

;(3) _ „(3) f R 2\ 2 _f L 3 1 



The open string coupling constant becomes 



~ 2 (3 ) / detC _ L 3 

° M ~ 9st * V det(^ + 27ra' 2 F) ~ R~ 2 (2 ' 12) 

The open string metric and the noncommutative parameter are given by Gmn = Vmn 
(M, N = 0,1,4,5) and 

6 45 = -4rr- (2.13) 



From (|1 . 1[ ) , ( |2.8| ), and ( p.9| ), we can verify that the OM limit with R 2 and L3 fixed is 



the same limit as the NCYM limit found in []TT],[n|. Note that, in this limit, the string 



~ (3) 

coupling constant goes to zero. Therefore, the perturbative IIB string theory gives 
a good description in the limit. However, as the wound D-strings in the previous case 
are S'-dual to open strings wound on the circle in the x 2 direction, the mass of the open 
strings is Mpi ~ R^Iol^ = I/-R2, and we obtain extra degrees of freedom from the wound 
open strings in the limit, besides those in (3+l)-dimensional noncommutative Yang-Mills 
theory (NCYM). Therefore, to decouple these degrees of freedom, we need to take R 2 to 
zero. In this limit, since we want to keep Gm and G 45 fixed, we have to take the limit 
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L3 — » and M e fj — > 00. Thus, the theory on the D3-brane becomes (3+l)-dimensional 
noncommutative Yang-Mills theory (NCYM) in the above limit. 

This limit is in agreement with that in the previous case used to obtain NCOS3+1. 
Comparing the open string coupling constant Ge m (|2.6|) with Gm m ( P-12|) shows that 



G E = J- (2.14) 

and that the exchange R2 <-> L 3 corresponds to S'-duality between NCOS theory and 
NCYM theory in (3+1) dimensions. We also notice that the fluxes of the electric field Foi 
and the magnetic field -F45 come from the same background self-dual i?oi2 and are indeed 
unified in OM-theory, although they seem very different in lower dimensions. 

In the NCYM S consistency check, let us consider the commutative limit where 

— > with the open string coupling Gm fixed. In this limit, the NCYM becomes 
commutative M = 4 Yang-Mills theory in (3+1) dimensions, which shows the well-known 
electric- magnetic duality. On the other hand, we can consider the corresponding limit 
in the NCOS3+1. Since, as is seen from ( [2.3]) , (|2.12[) , and ( |2.13| ), we have the relation 

01 = G M © 45 , the commutative limit corresponds to the limit 01 — > with the open 
string coupling Ge fixed. By the relation 01 = 2ira r ^, we can see that all the massive 
modes of open strings in NCOS theory decouple in this limit. Therefore, in this limit, we 
find that NCOS theory also turns into commutative M = 4 Yang-Mills theory in (3+1) 
dimensions. We still have the S'-duality relation ( p. 14] ) in this limit, where the S'-duality 



which we have been discussing in this subsection turns out to be the ordinary electric- 
magnetic duality in (3+l)-dimensional commutative Yang-Mills theory. 

2.2. OM-theory Compactified on Higher Dimensional Tori 

In the previous subsection, we considered an M5-brane wrapped on a torus. In this 
subsection, we wrap the M5-brane on a circle of radius R4 = fL^ in the x 4 direction, in 
addition to the circles in the x 2 and x 3 directions. 

First, we consider the electric picture of this theory, i.e., we identify the x 2 direction 
as the '11th' direction of M-theory. As in the previous subsection, the T-duality on the 
circle in the x 3 direction maps the D4-brane into the D3-brane on the circles of the radii 

~ ~(2) 

R3 and -R4. Here the string coupling constant is <7g tr and the tension of closed strings is a' 2 . 
After taking the T-dual on the circle in the x A direction, the D3-brane becomes a D2-brane 
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in type IIA superstring theory compactified on the circles of radii -R3 and R4 = a' 2 /R<±. 
The string coupling constant becomes 




& = =J^J^r, (2-15) 



R4 fL 3 L 4 V 2R 2 M3 



eff 



and the open string coupling is 



Therefore, the OM limit (i.e., / -»• with M eff fixed) gives the NCOS limit in (2+1) 
dimensions. 

D2-branes wound on the torus in the a; 3 and x 4 directions are the T-dual of the wound 

Dl-branes on the circle in the previous subsection, and the mass of the wound D2-branes 

(2) ~ 

equals 1/R2- In order to decouple the D2-branes with a e ^ and Ge fixed, we take the limit 
i?2 — ► 0, M e ff — > 00, and T3T4 — ► 0. 

In the other picture, we have a D3-brane on the circles of the radii R2 and -R4 with T45 
in (|2.9|). Using rescaled coordinates x n = fx 1 = 4,5), we find that the closed string 
metric turns into gij = dij and that the gauge field on the D3-brane becomes A[ = f~ x Ai. 
Now let us contemplate the T-duality on the circle in the x 4 direction, under which the 
D3-brane transforms into a D2-brane. Since the T-duality maps the gauge field A\ to a 
scalar field X' 4 on the D2-brane as A' 4 — >■ (l/27ra 3 )X /4 , ( pD| ) is equivalent by the T-duality 
to 

f2 '-d' 5 X' 4 = L 3 M e 3 ff . (2.17) 



2a' 



l 3 

Using (|2.8[) and solving ( [2.171) , we found that X' 4 = f _1 x' 5 = x 5 . Thus, the T-duality on 



the circle in the x direction maps the D3-brane into a D2-brane wound on a line at an 
angle of 45 degrees on the x' 4 -x 5 plane. The radius R' A of the dual circle in the x 4 direction 
is given by I/-R4 = R^/a'^ = 2M^ s LsL4 and the string coupling constant is seen to be 
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/ '^\/2lJve- (2 - 18) 

Then, in the OM limit, we find that (2+l)-dimensional NCOS theory is dual to the theory 
on the D2-brane tilted at an angle of 45 degrees on the x' 4 -x 5 plane with the Yang-Mills 
coupling constant 

n {4) T 

2 9stt L 3 /r. 



Note that the D2-brane is spirally wrapping the cylinder in the x' A and x 5 directions. 
The distance between successive turns is finite and nonzero if we measure it by the canoni- 
cally normalized scalar field. Thus, the Higgs VEV of the effective theory on the D2-brane 
becomes finite. Note also that, by lifting the D2-brane to M-theory, we can see that this 
theory is equivalent to the description of the NCOS2+1 made by using an M2-brane in 
[l!|, except for the fact that this theory is compactified on a 3-torus. In particular, the 
eleven-dimensional scale and the radius of the circle along the x direction are coincident. 
The difference made by the compactifications may disappear in the NCOS limit since the 
radii of the circles are very large in the NCOS theory. 

Here, we will discuss DO-branes in (2p + l)-dimensional NCOS theory. DO-branes have 
finite mass 

M D0 = = j^^i (2.20) 



where G Q is the open string coupling constant in NCOS theory. From ( |2.20| ), we can see 
that DO-branes do not decouple from the spectrum of NCOS theory until we take G Q or 
Qf'eff to zero. However, we can find that these DO-branes are bounded in the -D(2p)-branes, 
since, if the DO-branes were outside the -D(2p)-branes, the mass of the tachyon field in 



the worldvolume theory of the DO-brane would be proportional to a' 2 , as shown in [ITT 



In the D4-branes (p = 2) case, the bounded DO-brane corresponds to an instanton in the 
low-energy Yang-Mills theory. Thus, the DO-branes may play a role as a nonperturbative 
object in (4 + 1) -dimensional NCOS theory. In the D2-branes uniform electric 

flux on the worldvolume corresponds to the bounded DO-branes, which preserve the same 
number of supersymmetries. Since the coordinates x° and x 1 are not compactified, any 
finite electric flux cannot produce a finite number of bounded DO-branes. 

Now, let us move to OM-theory compactified on (q + l)-dimensional spatial torus 
(0 < q < 3), where the coordinates x 2 and x J (3 < j < q + 2) are periodically identified 
and their radii are R2 and Rj — fLj, respectively. By identifying Ri as R and applying 
the T-duality to the q circles, we find that the OM limit becomes the NCOS(4_ g )_|_i limit 
and that the closed string coupling constant is given by g str = G 2 / /, where 

Gl = T^T^f (2.21) 

is the open string coupling constant. 

In the NCOS(i_|_i) case, the open string coupling is G 2 = a' ' e ffR2 / '(L3L4L5) . In order to 
decouple D3-branes wound on T 3 in the x 3 , x 4 and x 5 directions with mass Md3 = I/R2 



8 



and Dl-branes wound on the circle in the k direction (k = 3,4,5) with mass M D1 = 
e ljfc LjLj/(i?2«'eff), we need to take the limit R 2 , T3, L 4 , L 5 — > with R 2 /(L 3 L 4 L 5 ) fixed. 
In a dual picture in which i? is identified as -R3, the magnetic flux F45 must be quantized 

as 

2nn = / dx 4 dx 5 F 45 = 4nL 3 L 4 L 5 M eS = 2nG~ 2 . (2.22) 

Jo Jo 

However, under T-duality on the circle in the x 4 or x 5 direction, the tilted D2-brane 
transforms into a D3-brane, not a D-string. Although we could map the D2-brane to a 
D-string under T-duality, instead of doing that, in the next section we will give a simple 
description of the S'-dual theory of NCOSi + i by using an M2-brane. 



3. (l+l)-dimensional NCOS theory and M2-branes 

In this subsection, we consider an M2-brane in M-theory compactified on a rectangular 
torus, which is a product of circles with circumferences 2ttR\\ and 2jrfL 2 , with a metric 
9iiv = V»v (A»» 27 = 0, 1, 11) and g 22 = f 2 - 

„ 9 2ML , , 

f = Mf ■ (3-D 

and so the coordinate x 1 is identified under the translation by 2ttL 2 as x 2 ~ x 2 + 2txL 2 . 
Let us suppose that the M2-brane worldvolume is of the form R 2 x S 1 . For the R 2 , we 
take coordinates x° and x 1 . The circle S 1 is tilted at an angle of 45 degrees on the x 2 -x 11 
plane, where we assume that L 2 = nRn and that the M2-brane is wound once on the 
circle in the x 2 direction. 

According to the dictionary between M-theory and type IIA theory, the scalar field 
X 11 (= 2nRu(p) on the M2-brane worldvolume is the electric-magnetic dual of the gauge 
field in the (2+1) -dimensional DBI action of a D2-brane in type IIA theory. The scalar 
field 4> has the usual normalized kinetic term and is mapped to the gauge field A as 

"*=-„ 1 ,. 2 r' F °- .... 0.2) 



dx' 2 2ng stT a' L 2 ^1 - (27ra'T 01 ) 2 ' 

where we use the coordinate x' 2 , which is given by rescaling x 2 as x' 2 = fx 2 and so is 
identified under the translation by 2ixR 2 = 2tv fL 2 . Since the circle on which the M2-brane 
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is wound tilts at an angle of 45 degrees on the x 2 -x 11 plane, i.e., S 1 on the line x 2 = x , 
we can see from ( |3.2|) that there is nonzero background electric flux 



on the D2-brane worldvolume. Thus, this system of the M2-brane is equivalent to a D2- 
brane with F i ^ in type IIA theory with 1/a' = RuM^ and g 2 tY = (i?nM p ) 3 . Thus, 
the OM limit M p — > oo is the (2+l)-dimensional NCOS limit with the open string coupling 
constant G 2 = V2(RnM eff )i |TJ. 

Applying T-duality to the circle in the x 2 direction, we map the D2-brane in the previ- 
ous paragraph to a Dl-brane with the electric flux in (|3.3|) in type IIB theory compactified 
on a circle of radius R 2 = a' / R2 = f / (2nRf 1 M^ s ) , with the string coupling constant 
£fstr = fi'strV / o7/-R2 = an d the effective string tension l/o/ e ff = f 2 lot' = 2i?nM e 3 ff . 

As for the open string moduli, we have the noncommutative parameter O 01 = 2-Ka' e ff and 
the open string metric G^ v = f 2 r\^ v ([i, v = 0, 1), from which we can see that the open 
string coupling constant is G 2 = fg s tr = 1/n. 

In the OM limit M p — > 00 with M e ^ fixed, this system goes to (l+l)-dimensional 
NCOS theory with the open string coupling constant G 2 = 1/n and the effective string 
tension l/a' eS = 2RuM^. The mass of D-strings wound on the circle in the x 2 direction 
is Mm = R 2 /(g s C(') = 1/R\\. In order to decouple these D-strings with a' e ff fixed, we can 
take the limit Rn — >• and M e ff — > 00. 

On the other hand, thinking of the x 2 direction as the '11th' direction of M-theory, 
we can view this system as n D2-branes with Fqi 7^ in type IIA theory with the string 
tension l/a' 2 = R2M p = 2nRx\M^ s / f and the string coupling constant = (R^Mp)^ = 
V27(n J RnM eff )2. For the n = 1 case, the line x 2 = x 11 on which the M2-brane is wound 
corresponds to nonzero electric flux on the worldvolume of the D2-brane. It is convenient 
to normalize the scalar field X 2 on the M2-brane so that the metric which appears in the 
kinetic term of the scalar fields becomes tjab- Therefore, we have the relation X 2 = fx 11 
{i.e., d\\X 2 = f). As in the previous picture, by making use of 



2ttcx'F ( 



01 



~l-2/ 2 (/«!) 



(3.3) 



1 d 



X 2 



1 2ira' 2 F i 



(3.4) 



2tvR 2 dx 11 



2^]a' 2 ^ v / l-(2^oi) 2 ' 



we find that the electric flux on the D2-brane worldvolume is 



27ra/ 2 F i ~ / 



(/«!)■ 



(3.5) 
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For general n, the flux may be obtained as 27ra' 2 Foi ~ fl n . 

Taking the T-dual on the circle in the x 11 direction, we obtain n Dl-branes with 
the electric flux in ( |3.5| ) in type IIB superstring theory compactified on the circle of ra- 
dius J?n = a' 2 /Ru = f/(2nRf 1 M^) = R 2 and the string coupling constant g^tr = 

(2) / ~ ~(2l 

g st ^ a' 2 / Rn = nf = l/g s tr- In the OM limit, we see that a' 2 — > 0, g^ — > 0, and that 
2'kol 2 Fqx — > 0. Therefore, the OM limit can be identified as the YM limit, where this 
theory becomes (1+1) -dimensional U(n) Yang-Mills theory with a single unit of electric 
flux and the coupling constant 

1 OL 2 tt'eff , , 

(3.6) 



Indeed, this is the S'-dualized theory of (1+1) -dimensional NCOS theory |T^]. In this case, 
to decouple fundamental strings wound on the circle, which are the S'-dual of the wound 
D-strings and have mass 1/R±i, we have to take the same limit in the dual picture. 



4. Summary and Discussion 

In this paper, we have studied the compactification of OM-theory on tori, with the 
effective Planck scale M e ff. As shown in [|12|, depending on which circle is identified as 



that in the '11th' direction in M-theory - whether the direction tangent to the circle is 
aligned with that of nonzero H^j (i denotes the spatial direction) or not - OM-theory 
compactified on the circle becomes NCOS theory or NCYM theory in (4+1) dimensions. 
We have shown that the compactification of OM-theory on higher dimensional tori, which 
corresponds to the T-dual of the NCOS4-1-1 on tori, gives lower dimensional NCOS theory 
where the effective string tension l/a' e ff = 2RM^ and the noncommutative parameter 

O 01 = 27ra'eff . 

From section 2, even after taking the NCOS limit, we still have 'T-duality' between 
NCOS theories. NCOS( p _|_i) + i theory from a D(p+l)-brane wound on a circle is mapped to 
NCOSp_|_i theory from an unwound Dp-brane under T-duality on the circle. Let us suppose 
that the circle in NCOS( p _ ) _ 1 ) +1 theory has a coordinate s, which is identified under the 
translation s — > s + 27rL. Before taking the NCOS limit / — > 0, we assume a metric 
9ss = f 2 on the circle. The T-dual of this circle is a circle with a coordinate s identified 
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under s — > s + 27rL and with the metric g ss = f 2 . Then, the open string coupling constant 
G 2 in NCOS( p+ i) + i is mapped under the T-duality to G 2 in NCOS p+ i as 

—-r = , with L = — — . (4.1) 
Gl Gl L 

By making use of Ql.l|) , we can reproduce all the open string coupling constants G in the 
NCOS theories which we studied in this paper. 

In sections 2 and 3, we have demonstrated that we can understand, from the OM- 
theoretical point of view, what the S'-duals of the NCOS theories are, although the S- 



dualized theories have already been identified in [T^]. In particular, in (3+1) dimensions, 
we have seen that OM-theory compactified on a torus gives a simple heuristic derivation 
of the S'-duality between NCOS3 + i and NCYM3 + i. When the torus is the form of a 
product of circles of radii R and /L, the open string coupling Ge in NCOS3 + i is given 
by G| = R/L and Gm in NCYM 3+ i by = L/R. Thus, the S'-duality can easily be 
understood as the exchange L <-> R. Also, it is interesting to notice that the electric flux 
Fq\ in the NCOS theory and the magnetic flux F23 in the NCYM theory are unified into 
the self-dual three-form field H in the M5-brane worldvolume theory. 



Note added: while writing this paper, we received the paper [17], which has some overlap 
with ours in the discussion of S'-duality between NCOS and NCYM in (3+1) dimensions. 
Also, upon completion of this manuscript, we received the related papers [J8HTT 
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